We explore some of the special features with respect to Bredon cohomology for groups whose finite subgroups are all either nilpotent or p-groups or cyclic p-groups. We get some results on dimensions and also a formula for the equivariant Euler class for certain groups. We consider the generalization for Bredon cohomology of the properties of being duality or Poincaré duality and study their behavior under p-power index extensions with coefficients in a field of characteristic p.
Introduction
Posets of subgroups are relevant objects in finite group theory. However, almost nothing is known about these kind of posets for arbitrary groups. A few of the known properties of the finite case translate without problems to arbitrary groups, however most of the known results have no obvious translation.
Classifying spaces for proper actions EΓ (see Section 2 for a definition) yield a motivation to study the poset of non-trivial finite subgroups F 1 in an arbitrary group Γ. Originally due to its appearance in the famous Baum-Connes conjecture, these spaces have received a lot of attention recently. Bredon cohomology is a cohomology theory that can be defined using the space EΓ exactly as ordinary cohomology can be defined using the ordinary classifying space EΓ. We also use the term to refer to the study of the group properties which are algebraic counterparts of properties of EΓ (such as minimal dimension, various finiteness conditions, etc). The connexion between F 1 and EΓ was first discovered in [8] by Connolly and Kozniewsky: Let EΓ s be the subcomplex of EΓ formed by the cells on which Γ does not act freely. If |F 1 | is the geometric realization of F 1 and C is the cone construction, then there is an equivariant map of pairs (EΓ, EΓ s ) → (C|F 1 |, |F 1 |)
which induces a non-equivariant homotopy equivalence (an algebraic version of this fact valid for arbitrary families of subgroups can be found in [24] ). This paper is in some sense the second part of [24] . There we concentrated in the case of virtually solvable groups to study certain aspect of their posets of finite subgroups and to derive consequences in Bredon cohomology. Here we adopt a different strategy and impose restrictions to the possible finite subgroups of the groups we are considering. We begin by briefly studying groups having all of their finite subgroups nilpotent and then we will restrict ourselves to the cases when all the finite subgroups are either p-groups or p or cyclic p-groups where in each case p denotes a fixed prime. Our aim is also to gain a better understanding of the chain complexes associated to the posets. We get some results concerning dimensions, for example from Theorem 2.5, Lemma 3.2 and Example 3.6 we get (here R is an abelian coefficient ring, see Section 2 for the rest of notations)
Theorem A: Let Γ be a group having all its finite subgroups nilpotent of bounded order. Then cd R Γ ≤ max H∈F pd RΓ B(RW H) + r(W H) .
In the particular case when all the finite subgroups are cyclic p-groups this yields pd RΓ B(RΓ) ≤ cd R Γ ≤ 1 + pd RΓ B(RΓ) and there are examples where either side of the inequality is sharp.
In Section 4, we consider equivariant Euler classes for groups with the same restrictions on their families of finite subgroups. The equivariant Euler class of a proper cocompact Γ-space is an invariant first defined by Lück in [22] Definition 6.8.4. The equivariant Euler class of the classifying space for proper actions, denoted χ Γ (EΓ), enables one to compute several Euler characteristics for Γ (see [24] ). In [24] we computed a formula for χ Γ (EΓ) in the case when Γ is elementary amenable of type FP ∞ . In Theorem 4.6 below we prove (now, we refer to Section 4 for notation)
Theorem B: Assume that Γ = K ⋉ G with G torsion free and K a finite p-group. Assume moreover that for any G ≤ S ≤ Γ all those finite subgroups H ≤ Γ with HG = S are Γ-conjugated. Then the coefficient of
where we adopt the convention that The hypothesis of this theorem hold true for certain finite extensions of right-angled Artin groups and in Section 4 we use the formula above to compute explicitly the Euler classes in some examples.
In the last two Sections we concentrate in Bredon cohomology with coefficients in a field F of prime characteristic p. Hamilton has shown that if Γ is a split extension of a torsion free group G by a finite p-group, then Γ is of type FP ∞ over F (see Definition 3.4) if and only if G is FP ∞ over F . Davis and Leary have generalized the notion of Poincaré duality to Bredon cohomology, the notion of ordinary duality can be generalized in the same spirit. We will prove that the corresponding assertion to Hamilton's also holds true with respect to being "Bredon Poincaré duality over F " but that the same is not true for Bredon duality. In other words, our Theorem 5.4 and the example of Section 6 yield:
Theorem C: Let Γ = K ⋉ G with G torsion free and K a p group. Then i) G is Poincaré duality over F if and only if Γ is Bredon Poincaré duality over F . In this case, cd F Γ = cd F G.
ii) For p = 2, there are examples where G is duality over F but Γ is not Bredon duality over F .
In particular (see Definitions 3.4 and 5.1 below) this means that with the same notation as in the Theorem, for any H ≤ K, the group C G (H) is Poincaré duality over F . This generalizes Corollary 2.1 in [10] where the same is proven under the extra hypothesis that G is δ-hyperbolic Poincaré duality over Z and leads to the following Question D: For which coefficient rings and classes of torsion free groups G is it true that any finite index extension Γ of G is:
ii) Bredon duality if G is duality?
iii) Bredon Poincaré duality if G is Poincaré duality? iv) Has cdΓ = vcd Γ?
At the end of Section 5 we consider some examples related to Question D. All the examples constructed in this paper are finite index extensions of either Bestvina-Brady groups or right-angled Artin groups. The main reason for that is that for these kind of groups we have a number of results available which provide us with a good understanding of their ordinary and Bredon cohomological properties ( [20] , [19] , [7] ). For the relevant definitions the reader is referred to any of those papers.
All throughout the paper, R is an abelian coefficient ring and whenever we do not mention it it is assumed that coefficients are taken in Z.
Basics on Bredon cohomology and first results
Let H be a family of subgroups of a group Γ, i.e., a set of subgroups which is closed under Γ-conjugation and taking subgroups. A Γ-CW -complex X is said to be a classifying space for Γ with respect to H if X H is contractible whenever H ∈ H and empty otherwise. In this case, X is denoted E H Γ. These kind of spaces are known to exist and to be unique up to Γ-homotopy equivalence ([28] I 6).
For each H ∈ H, the augmented chain complex of X H is an exact chain complex of W H-modules where W H := N Γ (H)/H is the Weyl group. This means that X yields a family of resolutions of the trivial module, one for each subgroup H ∈ H. Consider now the category O H Γ (see [26] ). Its objects are the transitive Γ-sets with stabilizers in H, (i.e. Γ-sets of the form Γ/H with H ∈ H) and its morphisms are Γ-maps. A Bredon contramodule or just a contramodule is a functor from O H Γ to the category of R-modules. For example, the constant functor Γ/H → R is called the trivial contramodule. Bredon contramodules together with natural transformations between them form a new category which has products and coproducts. Let H, K ≤ Γ and denote by R[Γ/H, Γ/K] the free R-module generated by the Γ-maps from Γ/H to Γ/K. Via Yoneda's lemma one easily sees that Γ/H → R[Γ/H, Γ/K] where K ∈ H is a projective Bredon contramodule.
From this it is easy to see that the category of contramodules has enough projectives so we may form projective resolutions and define homology and cohomology in the usual way. For example, the Bredon chain complex mapping each Γ/H to the chain complex of X H is a Bredon projective resolution of the trivial contramodule. As in ordinary cohomology, cd RH Γ is the smallest length of a projective resolution of the trivial contramodule. In the particular case when H = F is the family of the finite subgroups of Γ we will write cd R Γ := cd RF Γ and EΓ := E F Γ. As in the ordinary case, except for some small dimension exceptions, cd R Γ equals the minimal dimension of a model for EΓ.
We view H as a poset and denote by H • the RΓ-chain complex of the geometrical realization |H| of H. Also, if H ≤ Γ, we use H H , or H H (Γ) is there is possible confusion about the ambient group to denote the poset
By [24] (Lemma 2.3, Remark 2.4 and Theorem 2.5), a projective Bredon resolution of the trivial contramodule is determined by the W H-posets H H . This is the algebraic version of the homotopy equivalence mentioned in the introduction which goes back to Connolly and Kozniewski ( [8] ).
Sometimes, we can consider the smaller poset H 1 (W H):
Lemma 2.1. If H ∈ H has the property that for any H < K ∈ H, H < N K (H) then there is a W H-homotopy equivalence
Consider the inclusion which is a W H-map of posets:
By [2] Theorem 6.4.2 we have to prove that for any
S between the fixed points subposets yields an ordinary homotopy equivalence. For any K ∈ H H (Γ) yields an ordinary homotopy equivalence and by Quillen's Lemma it suffices to check that for each P ≤ Γ nilpotent normalized by S, the poset A 1 (P )
S consisting of those non-trivial elementary abelian subgroups of P which are also normalized by S is contractible. Note that as P is nilpotent, Z(P ) = 1. Let P 0 ≤ Z(P ) the subgroup generated by the elements in Z(P ) of prime order, then P 0 is normal in P and normalized by S so the poset A 1 (P )
S is conically contractible ([2] Definition 6.4.6).
We have chosen to prove the full versions of Lemmas 2.1 and 2.2, note however that in the sequel we will only need the weaker fact that in either case there is an equivariant map which is an ordinary homotopy equivalence, as this yields an equivariant quasi-isomorphism between the chain complexes associated to the geometric realizations of each poset.
We let Σ C • be the result of augmenting and suspending the chain complex C • . A projective resolution of C • is a chain complex of projectives P • together with a Γ-quasi-isomorphism P • → C • . And the projective dimension pd RΓ C • is, as for single modules, the smallest length of a projective resolution of C • . Using the Comparison Theorem it is easy to show that quasi-isomorphic chain complexes have the same projective dimension (see Lemma 2.1 of [24] ).
Here and throughout the paper, for any family of subgroups H of a group Γ we denote by H/Γ a set of representatives of the Γ-conjugacy orbits in H. Combining Theorem 2.6 in [24] and Lemmas 2.1 and 2.2 we immediately get Theorem 2.3. Assume that all the finite subgroups of Γ are nilpotent of bounded order. Then
Recall that the RΓ-module of bounded functions (first defined in [17] ) is:
One of its main features is that it is projective when restricted to any finite subgroup of Γ, so it can have finite projective dimension. In fact, its projective dimension is a group invariant such that for virtually torsion free groups Γ, pd RΓ B(RΓ) = vcd R Γ (see [23] Lemma 3.9).
Proof. The result is obvious if pd RΓ B(RΓ) = ∞, so we may assume it is finite. By the version of [23] Lemma 3.4 for chain complexes (which can be proven analogously),
Now, take a projective resolution P • → B(RΓ) • where B(RΓ) • is seen as a complex concentrated in degree 0. By the Künneth Theorem A • ⊗ R P • has the same homology as
Theorem 2.5. Assume that all the finite subgroups of Γ are nilpotent. Then
where r(W H) is the biggest rank of a finite elementary abelian subgroup of W H.
Proof. The lower bound is well known. The upper bound follows from Theorem 2.3 and Lemma 2.4.
One more consequence of the nilpotency of the finite subgroups is the next result which will be useful below.
Lemma 2.6. Let Γ be a group having all its finite subgroups nilpotent. If there are H < K both finite with |C Γ (H) :
Proof. Recall that by Lemma 2.1, there is a W H-homotopy equivalence
| is also finite. And as each centralizer has finite index in the corresponding normalizer, this implies that also r :
is conically contractible. For the reader's convenience, we recall briefly that argument here. Let S denote the set of all products of conjugates of elements of L by elements in N Γ (H), then obviously L ≤ S N Γ (H). We claim that S is finite. To see it, it suffices to observe that whenever l, t ∈ L and x, y ∈ N Γ (H), there are some h ∈ L and z ∈ N Γ (H) such that l x t y = t y h z thus every element of S can be written as a product of at most r conjugates of elements of L. As L is finite, the claim follows.
Theorem 2.7. Let Γ be a group with all its finite subgroups nilpotent of bounded order and with cd R Γ < ∞. Assume that there is an order reversing integer valued function l : F → Z such that for each H ≤ Γ finite pd RW H B(W H) ≤ l(H) and either l(K) < l(H) for any H < K ∈ F or there is some H < K ∈ F with N Γ (K) and N Γ (H) commensurable. Then cd R Γ ≤ l(1).
Proof. Use Theorem 2.12 of [24] and Lemma 2.6.
3 The case of cyclic or rank 2 elementary abelian finite p-subgroups
Obviously, the results of the previous Section apply for groups having all their finite subgroups p-groups of bounded order. In the particular case when moreover all the finite subgroups are cyclic things work specially well. Note that in this case,
Therefore we have:
Lemma 3.1. Let p be a prime and Γ a group such that all its finite subgroups are cyclic p-groups of bounded order. Then There are in the literature many examples of virtually torsion free groups Γ having vcd R Γ = cd R Γ. Using any of those it is very easy to construct an example having all its finite subgroups cyclic p-groups thus showing that the lower bound in Lemma 3.1 can be sharp. In Example 3.6 we will construct a group that shows that also the upper bound can be sharp, thus completing the proof of Theorem A. To do that we will be use the next results. Lemma 3.2. Let Γ be a group such that all finite subgroups of Γ are cyclic p-groups of bounded order. Let M = Ker(w) where w is the augmentation w :
Obviously, this chain complex is quasi-isomorphic (via inclusion) to the chain complex having only M concentrated at degree 1. The inequality follows from Lemma 2.4 Theorem 3.3. Let Γ = K ⋉ G with K a finite cyclic p-group and G torsion free with n = cd R G < ∞. Then cd R Γ = n + 1 if and only if there is some T ≤ Γ finite and some RC G (T )-module U such that
is not an epimorphism (in particular, n = cd R C G (Q) = cd R C G (T ) for some T < Q finite).
Proof. By Theorem 2.3, the condition cd R Γ = n + 1 is equivalent to the fact that for some finite T ,
so to simplify notation we may factor out T and assume T = 1. Note also that as the index |Γ : G| is finite, a Serre-type argument shows that the projective dimensions of any Γ-module or Γ-chain complex of finite Γ-projective dimension with respect to both Γ and G are equal. By Lemma 3.2, pd RG Σ A 1• = n + 1 if and only if pd RG M = n where M fits in the short exact sequence (here we are seeing this as a sequence of G-modules, by the remark above this does not affect the projective dimensions)
Consider the associated long exact sequence of Ext functors for any RG-module U . Taking into account that
we see that the last nontrivial terms of that sequence are
where the first map is restriction. This yields the claim.
In the next result we consider the same kind of groups but with the extra assumption that Γ satisfies the Bredon analogue to the ordinary FP ∞ condition. This is called Bredon FP ∞ or, for the case of the family F of finite subgroup which is the one we are considering, FP ∞ . The easiest way to define this condition is as follows: Definition 3.4. A group Γ is of type FP ∞ over R if it has finitely many conjugacy classes of finite subgroups and for any H ∈ F, the Weyl group W H is of type FP ∞ over R.
With the right notion of finitely generated contramodule, this definition can be shown to be equivalent to the fact that the trivial contramodule has a resolution by finitely generated projective contramodules. In particular, if there is a finite type model for EΓ then Γ is of type FP ∞ (for these and other related Bredon cohomological finiteness conditions, see [15] and [21] ).
Observe also that it is a consequence of [6] IX Lemma 13.2 that if Γ is virtually torsion free of type FP ∞ and all its finite subgroups are p-groups, then Γ has finitely many conjugacy classes of finite subgroups.
Corollary 3.5. Let Γ = K ⋉G with K a finite cyclic p-group and G torsion free with n = cd R G < ∞. Assume that Γ is of type FP ∞ over R. Then cd R Γ = n+1 if and only if for some T ≤ Γ finite res:
is not an epimorphism.
Proof. We continue the proof of Theorem 3.3 (in particular, we only have to deal with the case T = 1 in which C G (T ) = G) with the extra assumption that Γ is of type FP ∞ over R. Let Q ∈ A 1 and observe that as C G (Q) is of type FP, by [6] VIII Proposition 6.8 there is a G-isomorphism
This means that we only have to prove that if the map
is an epimorphism, then cd R Γ = n. Now, take an arbitrary RG-module U . Applying the right exact functor (−) ⊗ RG U and using again [6] VIII Proposition 6.8 we get an epimorphism
It suffices to use Theorem 3.3.
In a celebrated paper ( [20] ), Leary and Nucinkis construct many interesting examples of groups using the famous Bestvina-Brady construction. One of their examples consists of a group Γ having vcd Γ = 2 and cdΓ = 3 thus proving that these two invariants may differ. Their group Γ is a semi direct product of a torsion free group by the alternating group A 5 thus it can not be used to show that the upper bound in the second equation of Theorem A can be sharp. Here we perform a similar construction but to get groups Γ as before such that their non-trivial finite subgroups have all order p for a fixed prime p. The construction is based in a result of Jones, see [14] , who proved that any F -acyclic complex where F is a field of prime characteristic q is the fixed point of the action of a cyclic group of order coprime with q on a contractible space.
Q has the same cohomology as RP 2 . Let G = H L be the Bestvina-Brady group associated to L. The action of Q on L induces an action of Q on G so we may define Γ = Q ⋉ G. Then by [20] Theorem 3,
Moreover the fact that L Q = ∅ implies that all the nontrivial finite subgroups of Γ are conjugated. As dimL = 3 and it is contractible, Theorem 22 of [19] implies that cdG = 3. On the other hand, H 2 (L Q , Z) = 0 thus the same result implies cdH L Q = 3. Now denote by Z the infinite cyclic group. By [19] Corollary 12 there is a short exact sequence
can not be finitely generated as an abelian group. On the other hand, by the original result of Bestvina-Brady (see [20] Theorem 1) the fact that L is contractible implies that G is of type FP ∞ thus H 3 (G, Z) is finitely generated (as an abelian group). This implies that res :
is not an epimorphism so by Theorem 3.3, cdΓ = cd
is not of type FP ∞ thus Γ is not FP ∞ . Also, Γ is of type FP ∞ over any ring R where 2 can be inverted, moreover, if 2 can be inverted in R, then cd R G = cd R Γ = 3.
This can be generalized as follows. Let q be a prime and let M be the Moore space obtained from the m-sphere attaching an m + 1-cell via a degree q attaching map, so M has dimension m + 1. Let Q = C p be a finite cyclic group of prime order p = q. Use Jones procedure to embed M in a finite CW -complex T of dimension m+ 2 such that T is contractible and Q acts cellularly on T with T Q = M . Now, let L be a flag triangulation of T and consider the associated Bestvina-Brady group G = H L . As before we may form the semi direct product Γ = Q ⋉ G and the same argument shows cdΓ = cd G + 1.
Remark 3.7. By [20] , the Bestvina-Brady construction can not be used to produce examples of groups Γ with vcd Γ < cdΓ and Γ being of type FP ∞ .
So far in this Section we have considered mainly groups whose finite subgroups have the simplest possible structure. In particular, the chain complex associated to the poset of non-trivial subgroups was fairly easy to describe (this has also been exploited in [18] and [1] ). Things change dramatically if one wants to include more complicated finite subgroups. In the next result we analyze one of the properties of the poset of finite subgroups in the next easiest case, i.e., a semi direct product of a torsion free group by a p-elementary abelian group of rank 2.
Theorem 3.8. Let Γ = K ⋉ G with G torsion free and K ∼ = C p × C p . Assume that for any G ≤ S ≤ Γ there is only one conjugacy class of finite subgroups H of Γ such that HG = S. Then |F 1 | is 2-spherical or acyclic if and only if
Proof. Let B • be the ZΓ-chain complex associated to the Γ-set of subgroups of order p 2 . There is a short exact sequence of chain complexes
for certain C • of length 2 vanishing on degree 0. Then C 2 is the free R-module on the set of pairs H 1 < H 2 ≤ Γ with |H 1 | = p, |H 2 | = p 2 whereas C 1 is the free R-module on the set of subgroups of Γ or order p and the differential δ : C 2 → C 1 maps 1 H1<H2 onto 1 H1 . The hypothesis on Γ implies that any H ≤ Γ of order p is contained in some subgroup of order p 2 thus H 1 (C • ) = 0. From the long exact sequence of homology groups we get:
Then, |F 1 | is 2-spherical or acyclic if and only if f = 0. The hypothesis implies that H 1 (Σ B • ) is freely generated as an abelian group by the elements of the form 1 K − 1 K g where g runs over a set of representatives of the classes in G/C G (K), therefore the map f is zero if and only if for any g ∈ G, 1 K − 1 K g ∈ Imδ where δ is the map
Then there is a chain of elements g 1 , . . . , g t ∈ G and of subgroups Q 1 , . . . , Q t ≤ K of order p such that g = g t and
for i = 1, . . . , t. Therefore by Lemma 3.4 of [24] , g i g
and we can form a chain as in (1) with g 0 := 1 and g i := h −1
Remark 3.9. Basically with the same proof it can be deduced that the condition in the hypothesis is equivalent to H 1 (Σ F • ) = 0 even if |K| = p n for some n.
Example 3.10. Let Γ = K ⋉ A L where K is a finite group acting admissibly and simplicially on the flag complex L and A L is the right-angled Artin group associated to L. Then for each subgroup A L ≤ S ≤ Γ there is a single conjugacy class of finite subgroups H ≤ Γ such that HA L = S. This is a consequence of the proof of Theorem 3 in [20] . The explicit argument is as follows: Observe that we may choose H ≤ K with HA L = S and let X denote the model for the Eilenberg-Mac Lane space K(A L , 1) whose n-cells are n-cubes corresponding to pairs (gx 0 , σ) where x 0 ∈ X is a fixed vertex; g ∈ A L and σ is an (n− 1)-simplex of L (see [20] Section 3). Then X is a CAT(0)-space with a Γ action such that for t ∈ K; (gx 0 , σ) t = (g t x 0 , σ t ). The fact that X is CAT(0) implies that for any finite H as before, X H is contractible, in particular non-empty thus for some g ∈ A L , gx 0 ∈ X H which means that g −1 Hg ≤ K (the contractibility of the X H 's also implies the well known fact that X is a model for EΓ). Moreover by [20] Theorem 2 (due to Crisp),
Now, let L be the simplicial complex represented by and let the following permutation groups act on L by permuting the labelled vertices: (3, 4) ;
Then Theorem 3.8 implies that H
1 (|F 1 (K 1 ⋉A L )|) = 0 = H 1 (|F 1 (K 2 ⋉A L )|).
Euler classes
In this Section we shall concentrate on equivariant Euler classes of virtually torsion free groups Γ of type F having all their finite subgroups either nilpotent or p-groups or cyclic p-groups. Recall that Γ is of type F if there is a cocompact EΓ, this is just the Bredon analogue of the property F of admitting a cocompact model of E Γ. Many interesting families of groups such as for example word hyperbolic groups, solvable groups of type FP ∞ , mapping class groups and finite extensions of right-angled Artin groups by a finite group of admissible simplicial automorphisms of the associated flag complex are known to be of type F. Any group of type F is also of type FP ∞ so it has only finitely many conjugacy classes of finite subgroups.
Using Hattori-Stallings ranks, we could get analogous results for groups of type FP, i.e., groups which are FP ∞ and have cdΓ < ∞ (equivalently, groups for which there is a finite length resolution of the trivial contramodule by finitely generated projective Bredon contramodules). However, for simplicity we not consider here that case and moreover we work only with coefficients in Z in this Section.
We use the same notation as in [24] , see also [22] Definition 6.84. So we let Γ be a group of type F and put
where for a group S, e S (C • ) denotes the equivariant Euler characteristic of an S-chain complex C • having an S-finite S-free resolution (i.e., the alternating sum of the S-ranks of the free modules of that resolution). The same applies for S-modules, seen as chain complexes concentrated in degree 0. We will use the following properties of these Euler characteristics: They are invariant under S-quasi-isomorphisms and if C • is a chain complex of length n,
when all these Euler characteristics are defined. Moreover, if S ≤ T ,
and in the case when the index |T : S| is finite we also have for a T -complex
again assuming that e T (D • ) is defined. (For these and many other properties of equivariant Euler characteristics, see [6] IX). Using (4), we may extend slightly the definition of Euler characteristic of a chain complex: Definition 4.1. Let Γ be a group with G ≤ Γ torsion free of finite index and let C • be a Γ-chain complex (or module) admitting a finite free resolution as G-chain complex. Then
One easily checks that all the properties above remain true for this more general version. In fact this is exactly what is done in [6] IX to define Euler characteristics of groups Γ which are virtually of type F. With the same notation as there we put for Γ virtually F:
We also use χ for the ordinary Euler characteristic of a finite simplicial complex and e for the ordinary Euler characteristic of a finite complex of finitely generated free abelian groups.
For an arbitrary group Γ we set Ω := {H ∈ F/Γ | N Γ (H) is not commensurable with N Γ (K) for any H < K}.
Lemma 4.2. Let Γ be a group of type F with all its finite subgroups nilpotent. Then for any H ≤ Γ finite, the coefficient of
Proof. By Lemmas 2.1 and 2.2 the coefficient of
The fact that the sum can be restricted to Ω follows from Lemma 2.6.
We state the form that the formula of Lemma 4.2 has in the case when all the finite subgroups are cyclic p-groups. Theorem 4.3. Let Γ be a virtually torsion free group of type F with all its finite subgroups cyclic p-groups. Then
Proof. Note that the fact that all the finite subgroups of Γ are cyclic implies that whenever H < Q ∈ F, then N Γ (Q) ≤ N Γ (H). It suffices to take into account that the chain complex
and use (2) and (3). To illustrate the formula of Theorem 4.3 we are going to consider the example of a cyclic finite extension of a right-angled Artin group. Note that if one is interested only in this case, another way to proceed in order to compute χ Γ (EΓ) is to use the model for EΓ described in Example 3.10.
is the cyclic group of order p n acting admissibly and simplicially on a flag complex L and A L is the associated right-angled Artin group . The argument quoted near the beginning of Example 3.10 implies that for each G ≤ S ≤ Γ there is only one conjugacy class of finite subgroups H ≤ Γ with HG = S. In particular for any H ≤ Γ finite, H is conjugate to a subgroup of K thus we may assume H ≤ K and then 
Euler characteristics of right-angled Artin groups were computed in [7] Corollary 2.2.5 where it is proven that χ(
We proceed now to the proof of Theorem B. First, we observe that it follows from [21] Theorem 4.2 that a virtually torsion free group Γ is of type F if and only if all the Weyl groups W H for H ∈ F are virtually of (ordinary) type F. Theorem 4.6. Assume that Γ = K ⋉ G is of type F with G torsion free and K a finite p-group. Assume moreover that for any G ≤ S ≤ Γ all those finite subgroups H ≤ Γ with HG = S are Γ-conjugate. Then the coefficient of
where we adopt the convention that 
where in the first equality we are applying (2) twice: one to decompose Σ A 1• in terms of the modules S(H) i ↑ Γ NΓ(H) and a second one to recover the complex
If |H| = p, S(H) = ∅ thus e( S(H)) = −1. And if |H| = p n for n ≥ 2 this Euler characteristic is well known to be (see [27] Example 3.10.2)
From this we get the result.
Corollary 4.7. Let K = 1 be a finite p-group acting admissibly and simplicially on the flag complex L and
Proof. By the beginning of Example 3.10, Γ (and all its Weyl groups) satisfies the hypothesis of Theorem 4.6. Moreover, by [7] Corollary 2.
for any H ≤ Γ finite. Therefore the Corollary follows from Theorem 4.6 once we have proven
But observe that 
If the hypothesis in Theorem 4.6 are inherited by centralizers, then the formula together with Lemma 4.2 allows to compute the whole Euler class χ Γ (EΓ). We do it in the next example:
be a dihedral group acting admissibly and simplicially on a flag complex L and put
where Ω 1 = { x , xy } and Ω 2 = { x, y 2 , xy, y 2 }.
Finally, the coefficient of
5 Duality and Bredon cohomological dimensions. 
For any H ∈ F 1 , the Mackey formula together with the fact that since N Γ (H) = H × C G (H), H is the only finite subgroup of N Γ (H) imply that
As we are working with coefficients in a field F and H = C p , we have H i (H, F ) = F . Then, using the Künneth Theorem exactly as in the proof of [12] Proposition 2.4 we get
Note that with the notation of Proposition 5.2, we may see
We may now prove the analogous of Hamilton's result for Poincaré duality groups, which is the first part of Theorem C. As stated in the Introduction, this result generalizes Corollary 2.1 in [10] .
Theorem 5.4. Let G be a Poincaré duality group over F and Γ a finite index extension of G such that |Γ/G| is a p-group. Then Γ is Bredon Poincaré duality over F and cd F Γ = cd F G.
Proof.
We proceed by induction exactly as in the proof of [12] Theorem 6.4. Then one can reduce to the case when Γ = Q⋉G with Q = C p . The fact that Γ is Bredon Poincaré duality follows from Proposition 5.2. Using [3] Proposition 9.22 we see that every subgroup of a Poincaré duality group has either finite index or it is of homological dimension strictly smaller than that of the original group. This means that we may apply Theorem 2.7 with l(H) := hd R C G (H) thus cd F Γ ≤ hd F G = cd F G (recall that G is of type FP ∞ over F thus hd F G = cd F G and the same holds for any C G (H)).
We consider now the Question D of the Introduction. Examples 5.5. i) Leary-Nucinkis ( [20] ) have examples where Γ is FP ∞ and not FP ∞ . In Section 3 we have constructed an example with the same property and such that |Γ : G| is a prime. But by [12] this can not happen in characteristic p if Γ/G is a p-group. ii) ) have examples where G is Poincaré duality but Γ is not even FP ∞ and also examples where G is again Poincaré duality and Γ is FP ∞ but not Bredon Poincaré duality. And in [10] Theorem 2.2 and the Remark after that Theorem, Farrell-Lafont construct examples where G is δ-hyperbolic and Poincaré duality and |Γ : G| is a prime but Γ is not Bredon Poincaré duality and also examples such that |Γ : G| is not a prime and Γ is not Bredon Poincaré duality over any PID. Again, there is a positive result in characteristic p if Γ/G is a p-group (Theorem 5.4).
iii) The examples of item ii) also show that if G is a duality group, Γ might not be Bredon duality. In Section 6 we construct an example where G is duality over a field F of characteristic 2 and |Γ : G| = 2 but Γ is not Bredon duality over F , in contrast to what happens for the properties of being FP ∞ or Bredon Poincaré duality. Example 5.7. Virtually surface groups and virtually free groups are Bredon Poincaré duality and have cdΓ = vcd Γ. The last assertion is due to Mislin [26] . The first one also follows basically with Mislin's proof. 6 Duality groups in characteristic p.
The aim of this Section is to construct an example to show that the results proven above for Poincaré duality groups over F (again, F is a field of characteristic p) can not be generalized to duality groups over F , thus finishing the proof of Theorem C. We are going to use Corollary 3.5 in [13] (or Theorem C in [5] ) which we state below. Recall first that an n-dimensional simplicial complex L is called Cohen-Macaulay if for each simplex σ ⊂ L (including the empty one), the reduced homology of the link of σ in L is concentrated in dimension n − dim σ − 1. • The link of any 0-simplex σ has the homotopy type of either a 1-sphere, a wedge sum of two 1-spheres (if σ lies in T {v}) or a wedge sum of three 1-spheres (if σ = {v}).
• The link of any 1-simplex σ is either a set of two or a set of three points (if σ lies in T ).
Therefore for any simplex σ the reduced homology of Lk(σ) is concentrated at degree 2 − dimσ − 1 so the claim follows. Now, let K = C 2 act in L by swapping both copies of S. Obviously L K = T . As before, Γ is a virtual duality group but Γ = K ⋉ A L is neither Bredon duality, nor F -Bredon duality.
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